Based on the minimal length concept, inspired by Heisenberg algebra, a closed analytical formula is derived for the energy spectrum of the prolate γ-rigid Bohr-Mottelson Hamiltonian of nuclei, within a quantum perturbation method (QPM), by considering a scaled Davidson potential in β shape variable. In the resulting solution, called X(3)-D-ML, the ground state and the first β-band are all studied as a function of the free parameters. The fact of introducing the minimal length concept with a QPM makes the model very flexible and a powerful approach to describe nuclear collective excitations of a variety of vibrational-like nuclei. The introduction of scaling parameters in the Davidson potential enables us to get a physical minimum of this latter in comparison with previous works. The analysis of the corrected wave function, as well as the probability density distribution, shows that the minimal length parameter has a physical upper bound limit.
Introduction
The introduction of critical point symmetries concept [1, 2, 3, 4, 5, 6, 7, 8] , describing nuclei at points of shape-phase transitions between different limiting symmetries, was originally suggested by Iachello [1, 2, 3] . It is still one of the hot topics in nuclear structure physics. Moreover, a much development, in this direction, has been mainly accomplished by both phenomenological models: the interacting boson model (IBM) [9] as well as the hydrodynamical BohrMottelson model [10, 11] . The latter is very useful in describing the rotation and vibrations for quadrupole deformed nuclei. Particularly, for the shape evolution and phase transitions [12] , it is a powerful tool for inspecting the critical point symmetries like E(5) [1] , X(5) [2] , Y(5) [3] and Z(5) [13] , which describe the nuclei situated in the critical points of the shape phase transitions from spherical vibrator [U (5) ] to a γ-unstable [O(6)] nuclei, from spherical vibrator to prolate rotor [SU (3) ], from axial rotor to triaxial rotor, and from prolate rotor to oblate rotor, respectively. Going further, most of the critical-point symmetries mentioned above are located at each vertex in a diagram of what is terminologically called the Casten triangle and are considered as verifiable benchmarks for the experiment thanks to their parameter-free solutions. As a matter of fact, the details of these physical situations can be found in Refs. [4, 14] . Other efforts have also been directed to special realizations in the framework of the Bohr-Mottelson model and its extensions [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] where the collective shape variables or inertial parameters are imposed by some constraints. From a structural point of view, the collective Bohr Hamiltonian induces, however, a coupling of the β, γ, and rotational degrees of freedom, thereby yielding a rich set of physical phenomena. For example, by fixing the γ variable to be equal to zero (γ = 0), one obtains the γ-rigid version of the critical point symmetry X(5) being called X (3) . Not long ago, new improved versions of the standard X(5) and X(3) symmetries being called X(5)-ML and X(3)-ML have been elaborated by introducing for the first time the minimal length concept in nuclear structure [15] . We recall that in this work, we started by modifying the momentum operator according to the requirements of the finite length theory, to obtain the relevant collective Bohr Hamiltonian through the Pauli-Podolsky prescription, and which we solved by using standard techniques, reaching analytic expressions for the spectra and the corresponding wave functions. On the other hand, to highlight the philosophy of the minimal length, we first describe its principles. Basically, the introduction of this elementary length is equivalent to an additional uncertainty in the measurement of the position, so that the minimum uncertainty can never be zero. Additionally, the minimal length is particularly useful to solve problems characterized by anomalies owing singularities at small distances. Thus, several studies in string theory [26, 27, 28] and quantum gravity [29, 30, 31] in the view of Heisenberg algebra propose a small corrections to the Heisenberg uncertainty relation of the form
Therefore this correction results in the modification of the canonical commutation relation between the position operator and momentum operator which becomes:
According to this assumption, the space parameters of the model will be disturbed due to a strong coupling between the minimal length parameter and the degrees of freedom associated with the model. Therefore, our aim in the present work is to use the idea of minimal length, as in Ref. [15] ,but this time in the framework of X(3) model and a Davidson potential for the collective shape variable, i.e., β. The model is conventionally called X(3)-D-ML in connection with the standard X(3)-ML model [15] . In addition to the points mentioned above, the following comments apply:
• In practical interest, the Hamiltonian of the system is not soluble analytically for the Davidson-type potential. However, the quantum perturbation theory one of its familiar forms, dubbed the quantum perturbation method (QPM), is used to obtain approximate solutions for all values of angular momentum L.
• In the standard Davidson potential, scaling parameters are introduced in order to obtain physical values for its minimum.
• To test the applicability of the Davidson potential in the description of nuclear spectra, we have fitted some nuclei having the mass number 100 A 220 and the observed signature 1. In completion of the current study, a phenomenological interpretation of the model is proposed in order to find a physical meaning for description of candidate nuclei.
Theoretical underpinnings of the Model
It's well known that in the collective structure of atomic nuclei, particulary for a spherical system, the quadrupole deformation is the fundamental mode of deformation which can be described by a set of five amplitudes that form the components of a spherical tensor. Typically, a set of five amplitudes that form the components of a spherical tensor. In the framework of Bohr-Mottelson model, these tensorial components are the two dynamical variables β and γ plus the three Euler angles θ i (i = 1, 2, 3). In the same context, the classical expression for the rigid-body kinetic energy associated with the rotation and surface deformations of a nucleus has the form [2, 32] 
where B m is the mass parameter,
are the three principal irrotational moments of inertia, and ω
) are the components of the angular frequencies on the body-fixed k-axes, which can be expressed in terms of the time derivatives of the Euler angles, It should be noted however that by imposing some constraints on the kinetic energy, one can reduce the number of degrees of freedom and therefore obtain a different Hamiltonian forms. In this work, we consider the case when the γ degree of freedom is frozen to 0
• . Therefore, we aimed to reveal the minimal length effect on energy spectrum in the context of γ rigid nuclei. So, by employing the mathematical formulation, including the minimal length concept, presented in the original paper [15] , the collective equation of eigenstates, up to the first order of α, is written as follows:
where
and ∆ Ω is the angular part of the Laplace operator
This equation can be simplifed by introducing an auxiliary wave function [15] :
leading to the following differential equation,
In addition, separation of variables can be achieved by assuming the wave function to be of the form
where Y LM (θ, φ) are the spherical harmonics. Then the angular part leads to the equation
Here, L is the angular momentum quantum number, while the radial part F (β) obeys to:
withK
and n β is the radial quantum number. Thanks to the smallness of the parameter α, by expanding Eq. (14) in power series of α, one can obtain different order approximations of the standard model X(3)-ML. At the first order approximation, as it has been done recently in [16] , Eq. (14) becomes
This approximation only provides an approximate version and not an alternative one to X(3)-ML. In what concerns the β degree of freedom, we will consider the Davidson like potential. The latter is chosen to be of the following form:
where a and b are two free scaling parameters, and β 0 represents the position of the minimum of the potential. The special case of b = 0 (β 0 = 0) corresponds to the simple harmonic oscillator. The β differential equation (13) was solved exactly, with an infinite square well like potential, within the standard method, but for this potential it's not exactly solvable. Thus an approximate method is required. For this purpose, we adopt the quantum perturbation method (QPM) [34] which is widely used in quantum perturbation theory.
Treatment of the ordinary cas α = 0 within AIM
In what follows, it is preferable to write equation (13) in a Schrödinger picture. This is realized by changing the wave function as F n β (β) = χ n β (β)/β 2 . However one obtains an equation which resembles the radial Schrödinger equation for an isotropic Harmonic Oscillator acting in three-dimensional space:
with,
and
To solve this differential equation via the asymptotic iteration method (AIM) [35, 36] , we propose the following ansatz:
Thus we obtain,
where we have used the parametrization:
After calculating λ 0 and s 0 , by means of the recurrence relations of equation (2.3) given in Ref.
[36], we get the generalized formula of the reduced energy from the roots of the quantization condition(Eq. (2.6) in Ref. [36] ) as follows:
from which, we obtain the energy spectrum :
From equation (19), we get m L,b as a function of the total angular momentum L and the parameter b :
The physical solutions to the differential equation (13) are obtained as:
n (t) denotes the associated Laguerre polynomials and N n β ,L is a normalization constant to be determined later.
Treatment of the case α = 0 within QPM
Here we treat the additional term (α 4 /B m )∆ 2 shown in equation (6) as a perturbation and then estimate its effect on the energy spectrum up to the first order of the perturbation theory. Hence, the energy spectrum can be written as:
n β ,L are the unperturbed levels corresponding to the eigenfunctions ψ
n β ,L (β), solutions to the ordinary Schrödinger equation, and ∆E n β ,L is the correction induced by the minimal length, given by:
which can be expressed as,
After substituting the Davidson potential (16) into Eq. (29), one obtains
where β t (t = 2, −2, 4, −4) are expressed as follows:
Details of β t calculations are given in Appendix A, while m L,b is given by Eq. (25) . The obtained formula given by Eq. (30) is the main result of this work. It allows us to investigate the effect of the minimal length as well as the scaling parameters of Davidson potential on the energy levels of a given nucleus. Besides, we can remark that the minimal length correction carries new terms in the energy spectrum with respect to the undeformed case. It is obvious that in quantum mechanical problems, the wave function is as important as the energy levels. Therefore, the next step is to calculate the corrected wave function of our model using the same method. By employing QPM, the first-order correction to the wave function is given by :
with
Having the corrected wave function, we can also calculate the probability density distribution, 
Numerical examination and Discussion
The model established in this work, called X(3)-D-ML, is adequate for the description of γ-rigid nuclei for which the γ parameter is fixed to γ = 0. Basically, the energy levels of the ground state band as well as of the first β vibrational band are characterized by the principal quantum number n β = 0 and n β = 1, respectively. Besides, no γ-bands appear in the present model as expected, because the γ-degree of freedom has been initially frozen to γ = 0. It is immediate to see that the energy spectrum of our model has three adjustable parameters, namely : the minimal length parameter α, and the two parameters of Davidson potential: a and b . In the axially symmetric case, the shape phases of nuclei are parametrized by a nuclear deformation parameter which is not an immediately measurable observable. Then, instead one usually describes these shape phases as function of the ratio R 4/2 between the lowest two collective energy levels 4 + g and 2 + g . It is interesting to see that at each shape phase corresponds a dynamical symmetry whose signature is a specific value of R 4/2 as in IBM approach [9] . Therefore, it should be useful to examine the applicability of our model by investigating the dependence on the free parameters of the energy spectrum and then the signature ratio R 4/2 . Moreover, the evolution of the energy spectrum normalized to the first excited state for the ground band (left) and the first β band (right) as a function of angular momentum L is depicted in Fig. 1 and Fig. 2 , for different values of the parameter α ranging from 0 to 1 which enclose the existence region of the model. By analyzing Fig. 1 , it can be observed that the region allowed by our model for both the ground and the β bands is located below X(3) model for the parameters a = 0.004 and b = 0. On the other hand, in Fig. 2 , the region allowed by our model is located in this case above X(3) model for the parameters a = 0.004 and b = 6. To clarify these remarks, we plot in figure 3 and 4 the deviation, between the energy spectrum of our model and the energy of X(3) model, defined by the quantity D
n β ,L , which encloses also the existence region of the model, as functions of L for arbitrary values of the parameter a and b. These theoretical results clearly show the flexibility of our model for correctly describing the structural properties of nuclei. Now, it's desirable to place the present results in a wider picture of other similar collective models, which is done in Table 1 , where the shapes of the β potential are presented. Moreover, from figures 1 and 2, one can see that, for different arbitrary values of scaling parameters a and b, the centrifugal potential part in Figure 2 : The same as in Fig. 1 , but for a = 0.004 and b = 6. In this case, the allowed region is located above X(3) for ground state band and β band. 
Models
β shape potential X(3) [5] 0, if
Davidson potential plays a crucial role in defining the allowed region by our model, which becomes larger in respect to the pure Harmonic Oscillator case. Also, in the absence of the centrifugal potential part (b = 0), our model X(3)-D-ML tends to the X(3) one for α → 1, while in its presence (b = 0), the situation is inverted. In addition, the effect of minimal length increases more, as a function of angular momentum, in the presence of centrifugal potential part comparatively to the pure Harmonic Oscillator. Such a situation is well illustrated in Figures 3 and 4 . Besides, from these figures, it is apparent that the gap between our model and the X(3) one increases further for higher angular momentum states. Such a fact will have a positive effect in compensation of the defect of the model without minimal length (α = 0) when reproducing the experimental data as will be seen afterwards. As mentioned above, the introduction of scaling parameters in Davidson potential has been done with the aim of getting physical values for the minimum of the potential (β 0 = b a 1/4 < 1) as can be seen from Table   2 . The same approach has been performed in Ref [37] , in the framework of the Kratzer potential. In earlier works [19, 22, 39, 40, 41] , this minimum was problematic since its obtained values were unphysical (β 0 > 1) in respect to the nuclear deformation. In the same table ( Table 2) , we present the bandhead ratios R 4/2 calculated by our model compared to the experimental data. The agreement between theory an experiment is evaluated by the r.m.s deviation σ, which takes values lower than unit for all studied nuclei. Such an agreement is corroborated by the obtained cross-correlation coefficient ρ = 0.95 (Fig. 5) . However, among all studied nuclei, the isotopes Th, the experimental data for the first β-band are not available, so only theoretical predictions are presented. Moreover, from these figures, we can observe the effect of the minimal length, which becomes conspicuous in high momentum states. In addition, by comparing our results in Fig. 6 with those plotted in Fig. 7 of Ref. [23] , which have been obtained with a quartic anharmonic oscillator potential, it appears clearly that, thanks to the effect of minimal length, our results become better with the increase of angular momentum. Such a fact is coherent with the quintessence of the minimal length concept as introduced in string theory [26, 27, 28] . Besides, from Table 2 , we observe that the nuclei, which are above the isotope 186 Pt, behave as a rotor (b = 0). Their bandhead ratio is R 4/2 3. On the other hand, the nuclei below 186 Pt behave as a vibrator (b → 0). Their bandhead ratio is R 4/2 ≺ 2.4. Moreover, from figures 6 and 7, one can observe similar behaviours to those depicted in Figures 1 and 2 for energy ratio in ground and first β-bands in relation with the values of the parameters b and α. Such a fact reveals the existence of some correlation between minimal length and centrifugal potential as was outlined above from Fig. 2 . Moreover, from Fig. 6 , one can see that the obtained ratios by our model, for shape rotor nuclei, are localised above the critical point symmetry X(3), while those obtained for shape vibrator nuclei (Fig. 7) are below this critical point in concordance with what was mentioned above in relation with the centrifugal potential. However, in the case of the isotope 186 Pt, which is at the middle position between the remainder nuclei, both models X(3)-D-ML and X(3) coincide perfectly with the experimental data in the ground state band (Fig. 6) , while in the first β-band, our model X(3)-D-ML coincides with the experiment and the gap with the X(3) model is small in comparaison with the other studied nuclei. In addition, the obtained model parameters and the band head ratio R 4/2 are particular, namely: a ≃ 1, b = 0, α = 0.2 (the greatest value) and 2.4 < R 4/2 < 3. This isotope corresponds to a critical point between vibrator and rotor behaviours in the studied transitional nuclei. On the other hand, the physical meaning of parameter α in the frame of collective excitations, can be explained by studying the corrected wave function as well as the corresponding density probability distribution. The behaviours of these two quantities versus β for arbitrary values of the Davidson potential parameters a and b and for α values varying from 0 to 1 are depicted in figures 8 and 9 for the ground 0 + g state and the excited 0 + β state, respectively. From figure 8, one can see that for values of α up to 0.3, the behaviour of the wave function is regular corresponding well and truly to the ground state. However, beyond this limit value, the wave function starts showing a nodal point which means that we are getting away from the ground state . The same phenomenon occurs in the excited 0 + β state, especially when the centrifugal term is present. Therefore, this observation shows that the minimal length parameter α has a physical boundary as is clearly reflected in concrete nuclei from Table 2 . Moreover, from figure 9, one can see that, in the case of a pure Harmonic Oscillator (b = 0), the density probability peaks are shifted backward on the left side in respect to the X(3) peak, while in the presence of Davidson centrifugal potential part (b = 0), they are shifted forward on the right side in concordance with the presented situation in figures 1 and 2. We conclude our discussion by stressing that the calculations of electromagnetic transition rates (especially the Monopole transition probability E0) can be obtained from the corrected wave functions (32) , following the same approach presented in Ref. [42] . Although, the calculation of this quantity, in the framework of our model, is a bit complicated but it remains a very important topic for discussion which will be the subject of the next work. In fine, we have to notice that the treatment of the present problem within AIM or any other analytical method is mathematically complicated. So, the use of QPM, for the first time within this thematic, allowed us to overcome such a difficulty and therefore will pave the way for further easy applications of the minimal length formalism. 
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Conclusions
In our pioneering work [15] , we have introduced the minimal length concept in nuclear structure through Bohr-Mottelson model where we got an improved version of the model X(3) called X(3)-ML. However, the solution of the radial equation (in β) of X(3)-ML for a potential other than the square well is mathematically more complicated issue. In order to overcome such a difficulty, in the present paper we used, for the first time, a quantum perturbation method. Therefore, closed-form analytical formula for the energy of the ground and the β bands was derived for prolate γ-rigid nuclei within Davidson potential. Moreover, in this study, a correlation between minimal length and the centrifugal part of this potential has been revealed making the new elaborated model X(3)-D-ML more suitable for describing the properties of nuclei having a structure at or close to the X(3) limit. In addition, in order to get physical values for the minimum of Davidson potential in respect to the nuclear deformation, unlike many other previous works, we introduced two scaling parameters. Besides, the use of a quantum perturbation method within this thematic will allow to tackle the mathematical problem related with the utilization of the minimal length formalism in further applications with other sophisticated potentials.
Appendix A
In this Appendix we present the calculations of the explicit expressions of mean values β t (t = 2, 4, −2, −4). So, we have:
By using a new variable s = 2qβ 2 , the above integral leads to,
with, 
In order to obtain the normalization factor and matrix elements of some physical functions we have to derive the exact expressions of (38) . In the case of t = 0, the integral is easily obtained via the following formula:
According to this we find, N n β ,L = 2 (p+ For the case of t = 0, the mean values can be calculated by using the generalized formula (BU 142 (19) ) in [38] . Thus, we obtain the following equation,
)Γ(n β + p + 
where, we have used the following parametrization:
from which we may derive the analytical results of the mean values by making use of the mathematical symbolic computation programs like Mathematica or Maple. Therefore, the analytical expressions of the mean values β t (t = 2, 4, −2, −4) read as: 
Here, it should be noted that the analytical calculations of the mean values β t for large |t|(|t| > 9) become rather complicated.
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